The paper incorporates liquid reserves, interest and dividends in the compound Poisson surplus model. When an insurer's surplus is below a certain level, it is kept as liquid reserves. As the surplus attains the level, the excess of the surplus above the level will earn interest at a constant interest rate. If the surplus continues to surpass a higher level, the excess of the surplus above this higher level will be paid out as dividends to the insurer's shareholders at a constant dividend rate or by the threshold strategy. The lower and higher levels are called the liquid reserve level and the threshold level, respectively. This paper is to discuss the interactions of the liquid reserve level, the interest rate, the threshold level, and the dividend rate in the proposed risk model by studying the expected discounted penalty function and the expected present value of dividends paid up to the time of ruin. We derive expressions for the solutions to both quantities via the approach of integro-differential equation systems. We show that the dividend-penalty identity , ASTIN Bulletin) still holds for the threshold strategy with liquid reserves and interest. We illustrate these results by deriving explicit solutions to the probability of ultimate ruin under the threshold strategy when claim sizes are exponentially distributed. In the end, we also discuss the impact of the liquid reserve level, the interest rate, the threshold level, and the dividend rate on the ruin probability by numerical examples.
INTRODUCTION
We denote the surplus of an insurer at time t $ 0 by U(t) with U(0) = u $ 0, which is the initial surplus of the insurer. The time of ruin for the surplus process {U(t), t $ 0}, denoted by T, is the first time when the insurer's surplus goes below zero. Mathematically, T = inf{t : U (t) < 0}, where by convention T = 3 if U(t) $ 0 for all t $ 0. Thus, the deficit at ruin is |U(T )|. We denote the surplus immediately prior to ruin by U (T-). One of key topics in risk theory is to study quantities related to ruin such as the ruin probability and the (defective) distributions of the deficit at ruin and the surplus immediately prior to ruin in different risk models. A celebrated method to study these quantities is to consider the expected discounted penalty function at ruin, which is called the Gerber-Shiu function and will be defined later.
In the classical compound Poisson surplus model, U(t) is given by
where U(0) = u is the initial surplus, c > 0 is the premium rate and Z(t) = !
N(t)
n=1 Y n is a compound Poisson process (denoting the aggregate claims up to time t). Here, N(t) is a homogeneous Poisson process with intensity rate l > 0 (denoting the total number of claims up to time t), Y n is the size or amount of the nth claim, and {Y n , n $ 1}, independent of {N(t), t $ 0}, is a sequence of independent and identically distributed nonnegative random variables with common distribution function P(x) = 1 -P(x), which satisfies P(0) = 0 and has a mean m = # 0 3 P(x) dx > 0. Assume that P(x) has a density function p(x) and its Laplace transform is denoted as p(s) = # 0 3 e -sy p(y)dy. In the recent study of risk theory, the classical compound Poisson surplus model has been modified to adopt different economic and financial factors such as interest, dividends, and so on. Sundt and Teugels (1995) studied the ruin probability in the compound Poisson surplus model with interest, in which it is assumed that an insurer would invest all his positive surplus into a financial market and can receive interest on all his positive surplus. In practice, an insurer may not invest all his positive surplus and he may have to keep part of his positive surplus as liquid reserves. On the other hand, even if an insurer invests all his positive surplus into a risk-free asset (say a bank account), in certain bank accounts, only the excess of the surplus over a certain level can receive interest.
To adopt a more flexible and tractable model, Embrechts and Schmidli (1994) proposed a general risk model with a liquid reserve level, in which an insurer is allowed both to invest when its surplus is above the liquid reserve level and to borrow money if its surplus is negative or the insurer is on deficit. However, the focus of that paper was on the probability of ruin. In order to obtain explicit solutions for the Gerber-Shiu function in certain cases, Cai et al. (2007) considered the following special model of Embrechts and Schmidli (1994) . When an insurer's surplus is below a certain level D $ 0, it is kept as liquid reserves. As the surplus attains the level D, the excess of the surplus above D will earn interest at a constant interest force r > 0, or equivalently, at an interest rate (e r -1)/ r. Then the surplus process {U(t), t $ 0} in the compound Poisson surplus model with the liquid reserve level D and the interest force r satisfies the following stochastic differential equations:
Many papers in the recent literature have investigated a variety of risk models with dividend strategies. See, for example, Gerber and Shiu (1998) , Lin et al. (2003) , Lin and Pavlova (2006) , , Gerber and Shiu (2006) , Lin and Sendova (2007) , and many others.
In this paper, we consider a more general model that incorporates the notion of threshold strategy. Based on the model (1.2), we further assume that if the surplus continues to surpass a higher level b $ D, the excess of the surplus above b will be paid out as dividends to the insurer's shareholders at a constant dividend rate a $ 0 and no interest will be earned on the surplus over the threshold level b. Note that under the above assumptions, c + r(b -D) is the maximum dividend rate for the insurer to give away. Hence,
Such a dividend payment policy is called the threshold strategy. In particular, when a = c + r(b -D), the threshold strategy reduces to the barrier strategy and all the surplus over the level b will be paid out immediately as dividends in this case.
Thus, the surplus process {U(t), t $ 0} in the compound Poisson surplus model with the liquid reserve level D, the interest force r, the threshold level b, and the dividend rate a satisfies the following stochastic differential equations:
The proposed risk model (1.3) includes many risk models as special cases. For example, if D = 0 and b " 3, the model (1.3) reduces to the compound Poisson surplus model with interest discussed by Sundt and Teugels (1995) , Cai and Dickson (2002) , and many others; if D = b, the model (1.3) recovers the compound Poisson surplus model with a threshold strategy studied by Lin and Pavlova (2006) and Gerber and Shiu (2006) ; if D = b and a = c + r(b -D), the model (1.3) recovers the compound Poisson surplus model with a barrier strategy studied by Lin et al. (2003) ; and if D = 0 and a = c + r(b -D), the model (1.3) recovers the compound Poisson surplus model with interest and a barrier strategy considered by Yuen et al. (2007) .
In this paper, we will discuss the interactions of the liquid reserve level D, interest force r, the threshold level b, and the divided rate a in model (1.3) by ANALYSIS OF THE COMPOUND POISSON SURPLUS MODEL studying the expected discounted penalty function and the expected present value of dividends paid up to ruin. We denote the expected discounted penalty function (called the Gerber-Shiu function) in the model (1.3) by Furthermore, we denote the expected present value of the dividends paid up to ruin in the model (1.3) by V (u ; b), which can be expressed as
where d > 0 is an interest force equal to that in (1.4) and l (x) is a nonnegative function specifying the dividend payment as a function of the current surplus level x. In our model (1.3), it is easy to see that , < .
There is an interesting connection between the Gerber-Shiu function and the expected present value of dividends paid up to ruin in certain risk models. Such a connection is called the dividend-penalty identity, which shows that the expected discounted penalty function in a model with dividends is equal to the linear combination of the expected present value of dividends paid up to ruin in this model and the expected discounted penalty function in its corresponding model without dividends. proved that dividendpenalty identities hold for certain Markovian risk processes under the barrier strategy. In this paper, we will show that dividend-penalty identities can also be obtained for the threshold strategy with liquid reserve and interest.
The rest of the paper is organized as follows. In Section 2, we derive a system of integro-differential equations satisfied by the Gerber-Shiu function m(u; b) and then solve the system to obtain expressions for solutions to m(u; b). In Section 3, we obtain a system of integro-differential equations for V(u; b) and then solve the system to obtain solutions to V (u; b). In Section 4, we use the results of Sections 2 and 3 to derive the penalty-dividend identities under the threshold and barrier strategies, respectively. In Section 5, when claim sizes are exponentially distributed, we derive explicit solutions to the probability of ultimate ruin under the threshold strategy. We illustrate the impact of the liquid reserve level, the interest rate, the threshold level, and the dividend rate on the ruin probability. 
SOLUTIONS TO THE GERBER-SHIU
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ANALYSIS OF THE COMPOUND POISSON SURPLUS MODEL
Proof. When u $ b, conditioning on the time and amount of the first claim and applying the law of total probability yields 
where
Letting x = h 2 (t) in the first integral and x = b + c(t -t 2 ) in the second integral in (2.6), and then taking derivatives with respect to u in the equation gives (2.3).
When 0 # u < D, let t 0 be the hitting time of the liquid reserve level D if the hitting occurs prior to a claim arrival, let t 1 be the hitting time of the threshold level b if the hitting occurs prior to a claim arrival, and let h 1 (t) be the accumulated surplus at time t when t 0 < t # t 1 , then
, and h 1 (t) = D + ( ) r cs t t 0 -.
Therefore, similarly to (2.6), by conditioning on the time and amount of the first claim, and then by changing variables, we get (2.4). ¡ By (2.1), the system of integro-differential equations in Theorem 2.1 can be rearranged as follows:
To solve m (u; b) from the system of non-homogeneous integro-differential equations (2.7)-(2.9), we first give the solutions to the corresponding homogeneous integro-differential equations of (2.8)-(2.9) in the following two lemmas.
Lemma 2.1. The non-trivial solution to the homogeneous integro-differential equation of
where k 1 ! 0 is an arbitrary constant and c(u) is the solution to the renewal equation
Here c = c / p(r 1 ), dP(y) = e -r 1 y dP(y) / p(r 1 ), and r 1 is the non-negative root of the Lundberg fundamental equation
Proof. The equation (2.10) appeared in the equation of (D 6 ) of Section 6.4.9 of Bühlmann (1970) and also appeared in (3.3) of Lin et al. (2003) . It is not hard to prove (2.11) by using arguments given in Bühlmann (1970, Section 6.4.9) . ¡ Lemma 2.2. The non-trivial solution to the homogeneous integro-differential equation of
is given by
where , l u r u c
Here k 2 ! 0 is an arbitrary constant and
The proof is similar to the arguments used in Section 2 of Cai and Dickson (2002) and thus is omitted. ¡ Furthermore, we show that the integro-differential equation (2.7) can be reduced to a defective renewal equation under certain conditions. In doing so, we recall that the Dickson-Hipp transform for a nonnegative function f is defined as
provided that T s f (u) < 3 for u $ 0 and s $ 0. We also denote the Laplace transform of a nonnegative function f by f, and let A ✶ B(x) indicate the convolution of A(x) and B(x) defined by
Note that for any bounded nonnegative function, its Dickson-Hipp transform and Laplace transform always exist. More properties of the Dickson-Hipp operator can be found in Li and Garrido (2004) and Gerber and Shiu (2005) . 
where r is the non-negative root of the fundamental Lundberg equation
Proof. Since (2.7) has the same form as (2.16) in Gerber and Shiu (1998) , one can show that (2.7) leads to (2.15) in a matter similar to the derivation of (2.34) in Gerber and Shiu (1998) . 
where the functions v 1 (u) and v 2 (u) are given in (2.11) and (2.13); the constants j 1 and j 2 are given by the function h is given by
and the function G is given by
Here r is the unique non-negative root of the Lundberg equation (2.16), and the functions m 1 (u; D) and m 2 (u; D) are given in (2.14) and (2.17) of Cai et al. (2007) .
Proof. It is known from the theory of integro-differential equations that, apart from boundary restrictions, every solution to an non-homogeneous integrodifferential equation is a linear combination of a non-trivial particular solution to the equation and a fundamental solution to its corresponding homogeneous integro-differential equation. Then the boundary conditions imposed on the integro-differential equation determine a unique solution. Therefore, we have 20) where j 1 is a constant to be determined and v 1 (u) is given in (2.11). Similarly,
where j 2 is a constant to be determined and v 2 (u) is given in (2.13). Furthermore, by Lemma 2.3, m 3 (u; b) can be rewritten as
We can convert m 3 (u; b) into a renewal equation by a shift transform and hence obtain
To complete the proof, we need to determine the two constants j 1 in (2.20) and j 2 in (2.21). As mentioned earlier, the solution to an integro-differential equation is uniquely determined by a boundary condition. We let u = b in (2.2) and u " b in ( Solving (2.24) and (2.26) for j 1 and j 2 , we can obtain (2.17) and (2.18). ¡ Remark 2.1. We can see from (2.17) that the denominator of j 2 contains the common factor k 2 , hence it cancels out with the same factor k 2 in v 2 (u) as shown in (2.13). Similarly, both v 1 (u) and the denominator of j 1 share the common factor k 1 , which cancels out without having to be determined. Therefore every component of m (u; b) has been expressed explicitly in Theorem 2.2.
SOLUTIONS TO DIVIDENDS PAID UP TO RUIN
In the study of threshold and barrier strategies for dividend payments, the expected present value of dividends paid up to the time of ruin has drawn revived interest in recent literature. Gerber and Shiu (2006) gives a comprehensive discussion on dividend strategies in the compound Poisson surplus model with threshold and barrier strategies. We shall follow the approach of probabilistic reasoning, which was first used on dividends paid up to ruin in Bühl-mann (1970) . 
Since the arrival time follows exponential distribution, we say at the odds of 1 -lt there will be no claim within the small interval of observation t, in which case the surplus grows linearly to u + ct. Otherwise the surplus drops to different segments depending on the size of the first claim. Thus,
, and rearranging the equation, and then dividing both sides by ct and letting t go to zero, we arrive at (3.2).
When D # u < b, in a short time interval of length t, the surplus process stays within the second segment where interest accrues. One of four cases will appear. Firstly, with probability of 1 -lt, no claim occurs and the surplus rises cs t ruins the process, in which case no dividend has been paid. Moreover, there is a negligible chance of having more than one claim and hence be denoted in terms of o(t). Thus, translating to mathematical terms by the law of total probability, we have 
, rearranging the equation, and then dividing both sides by [r(u -D) + c]t and letting t go to zero, we obtain (3.3).
Similarly, for 0 # u < D, in a short time interval of length t, by the law of total probability,
Rearranging the equation and then dividing both sides by ct and letting t go to zero, we obtain (3.4). ¡ Using (3.1), we can rewrite the system of (3.2)-(3.4) in the following form:
Note that (2.12) and (3.6) are precisely the same equation. The same thing can be observed between (2.10) and (3.7) except for their distinct domains. Thus we are prompted to search solutions in terms of the ones for homogenous equations. We first give the following theorem.
Theorem 3.2. The integro-differential equation (3.5) can be expressed as
where r is the unique positive root of the Lundberg equation (2.16).
Then the proof follows Lemma 2.3 by replacing m (u) by V(u; b) and re-defining h(u) = a/l. Therefore, T r h(u) = a / (lr). Plugging it into (2.15) we obtain the desired equation. ¡ Theorem 3.3. The dividends paid up to ruin in the model (1.3) can be expressed explicitly as (3.11) where v 1 (u) and v 2 (u) are given in (2.11) and (2.13); d 1 and d 2 are given as 
Thus the solution to V 3 ( u; b) is given by (3.11).
If we let u = b in (3.2) and u " b in (3.3), then we have the first boundary condition
(3.14)
Similarly, letting u = D in (3.3) and u " D in (3.4) yields the second boundary condition
Combining (3.8), (3.9), (3.10) and (3.14) we have
And we also have from (3.9), (3.10) and (3.15)
Solving the two linear equations for d 1 and d 2 gives (3.12) and (3.13). ¡
DIVIDEND-PENALTY IDENTITIES
The dividend-penalty identity is a representation which explains that the difference of the expected discounted penalty in a model with and without dividends is due to the expected discounted dividends paid up to ruin. showed that the identity holds for certain Markovian risk processes under a barrier strategy. In this section, we show that the identity is still valid for the risk process (1.3) under a threshold strategy.
Theorem 4.1. The dividend-penalty identities in the model (1.3) are given by 
Letting u " D in (3.9) gives 
Note that (4.7) has the same type as the corresponding homogeneous integrodifferential equation for (4.6). Hence, V 2 (u; b 0 ) is a fundamental solution to m 2 (u; b 0 ). In other words, there must be such a constant e that In view of (4.11) and (4.13) we arrive at the penalty-dividend identity (4.5) for the barrier strategy. ¡ 
EXPLICIT SOLUTIONS AND NUMERICAL ANALYSIS
In this section, we illustrate the results in the previous sections by calculating the ruin probability in the model (1.3) and discuss the impact of the model parameters on the ruin probability by numerical examples. We denote the probabilities of ultimate survival and ruin in the model ( The advantage of analyzing the probability of ultimate survival lies in the fact that the probability of ultimate survival satisfies homogeneous equations, which are more tractable than their nonhomogeneous counterparts. 
